An analytical solution for the well-known fatigue criterion proposed by Papadopoulos was obtained. An arbitrary shift of phases was taken into account. Comparison between analytical, numerical solutions with experimental data was made. Computation results based on FEM were compared with assessments by the mentioned above criterion.
Introduction
It is shown by operating experience of various structural elements that natural cyclic regimes and loading conditions can rarely be reproduced in laboratories in simplified fatigue experiments such as tension, bending or torsion. Typically, structural elements are subject to complex (triaxial) stressed states. In this case it is necessary to use multiaxial fatigue criteria. Modern fatigue criteria make it possible to evaluate amount of cycles N to breakdown either of a specimen or structural element (so called fatigue life). Additionally, an arbitrary shift of phases between cyclic stress components and an orientation of a critical plane are taken into account [1] [2] [3] [4] [5] . In this paper a procedure to evaluate an orientation of a critical plane ( fig. 1 ) and hence a fatigue life under multiaxial cyclic loadings with an arbitrary shift of phases is developed. The procedure is based on the well-known criterion [2] and is valid for two classic ranges namely for cases of low-(LCF) and high-cycle fatigue (HCF).
Papadopoulos' fatigue criterion
Let us consider material particle in a uniform stress state described by a stress tensor () t σ that varies cyclic in time. Let us further choose a frame that is associated with the principal stresses 1  , 2  , 3  and choose a plane with a unit normal n . The multiaxial fatigue criterion is:
Coefficients 0 ,, SA   and  are defined by tension-compression fatigue tests with two different asymmetry ratios 0 R = and 1 R =− [6] , N is the number of cycles to fracture. The quantity max a T n is a maximal value of a shear stress among all existing planes with normals n that contain the specified material particle in a loading cycle:
The quantity ,max H  is an equivalent peak hydrostatic stress at the specific place within a loading cycle:
Shear stress on the plane with normal vector n is: ( ) ( ) =  −   τ σ n n σ n n (5) The following equation may be obtained for the value of shear stress spread [7] :
3 Particular loading cases
Tri-axial tension-compression case
Let us assume that principal stresses are varied in time by harmonic law with frequency  and arbitrary shifts of phase 2  , 3  :
are mean principal stress components and 1a
amplitudes of these stress components. Spreads of the principal stress tensor components within a loading cycle are:
( )
where time instants 1 t and 2 t correspond to minimum and maximum values of shear stress at the plane with unit normal vector n ; 12 ,
The shear stress range can be written as: 
In a similar way a time stamp within the loading cycle that determines the greatest value of It is possible to evaluate the amount of cycles N for arbitrary amplitude values of a multiaxial cyclic loading as a function of shifts of phases. The significant effect on fatigue life caused by a shift of phase was found by calculations and can be seen in fig. 2 . a and b.
Bi-axial bending-torsion test
A similar analysis was conducted for the case of a widely used bending-torsion cyclic loading with an arbitrary shift of phases. Let us again assume a harmonic law for principal stresses variation in time with frequency  and an arbitrary shift of phase  : 
The value of range of shear stress may be written as: In the same way it is possible to evaluate amount of cycles N to fracture for arbitrary amplitude values of a multiaxial cyclic loading as a function of a shift of phases. The significant effect on fatigue life that is caused by a shift of phase was found in calculations and can be seen in fig. 3 . a and b.
Comparison of the criterion with experimental results
For the disc with geometry presented in fig. 5 -a and for stress components distribution presented in fig. 4 the amount of cycles N before breakdown was estimated. The range of the value N lays within 3 12 10  to 3 40 10  cycles. The results are similar to [9] . In order to rate the criterion a comparison with other one [4] and experimental results [8] was made for bending-torsion experiments shown in Table 1 : Using the classic fatigue criterion [1] that takes into account a normal stress value impact on a critical plane orientation and can be written (see (27)) we conducted a finite element analysis for cases of in-and out-of-phase cyclic loadings. By calculating stress states of several engines' elements the values of fatigue durability N were obtained. For instance in fig. 5 -a a segment of compressor's disc and blade is shown. The blade undergoes aerodynamic and centrifugal forces. Fig. 5-b shows the stress state within a contact zone between the disc and the blade. Fig. 5 -c shows the plot of amount of cycles N to breakdown in the most loaded zone of the disc.
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Conclusions
The analytical procedure to calculate the critical plane's orientation is proposed for the case of multiaxial cyclic loadings with an arbitrary shift of phases for the classic fatigue rangelow-and high-cycle fatigue. For the compressor's disc of a turbo shaft engine calculations such as determination of a stress state and locating a zone with the highest stress values were made. The assessment of amount of cycles N to breakdown was given based on the calculations above.
